1.
Introduction. In the following we let (N, g 0 ) denote a compact, connected smooth Riemannian manifold of dimension n ≥ 3. We denote the Ricci tensor and scalar curvature by Ric and R, respectively. In this paper we examine the nonlinear curvature equations
for metrics g in the conformal class of g 0 , where we use the metric g to view the tensor as an endomorphism of the tangent bundle and where σ k denotes the trace of the induced map on the kth exterior power; that is, σ k is the kth elementary symmetric function of the eigenvalues. The case k = 1, R = constant is known as the Yamabe problem, and it has been studied in great depth (see [11] and [17] ). We let ᏹ 1 denote the set of unit volume metrics in the conformal class [g 0 ]. We show that these equations have the following variational properties.
Theorem 1. If k = n/2 and (N, [g 0 ]) is locally conformally flat, then a metric g ∈ ᏹ 1 is a critical point of the functional
· g dvol g restricted to ᏹ 1 if and only if
for some constant C k . If N is not locally conformally flat, then the statement is true for k = 1 and k = 2.
We compute the second variation of the above functionals and use this to examine the behavior of the functionals near a critical point. In particular, we show that they are elliptic when the eigenvalues are restricted to lie in a certain cone (see Section 6) . Following [4] , we call such a solution admissible. We prove Theorem 2 (k = n/2). For k = 1, it is known that the local extrema in the above theorem are actually global extrema (see [17] ). We conjecture that this is also true for k ≥ 2, provided we restrict the functionals to k-admissible unit volume metrics.
Theorem 2. If (N, [g 0 ]) is locally conformally flat, then for odd (even) k, a negative k-admissible critical point of the functional Ᏺ k | ᏹ 1 is a strict local minimum (maximum). For all k, a positive scalar curvature Einstein metric is a strict local minimum unless (N, [g]) is conformally equivalent to (S n
We also do an ordinary differential equation (ODE) analysis for rotationally symmetric solutions on S n −{p 1 , p 2 }, where p 1 and p 2 are antipodal points. For k < n/2, we find periodic orbits, thus giving solutions which descend to S 1 ×S n−1 . For k = 1, these are known as Delaunay metrics (see [12] and [17] ). We also prove the following uniqueness result.
Theorem 3. Suppose (N, g 0 ) is of unit volume and has constant sectional curvature K = 0. Then for any k ∈ {1, . . . , n − 1}, g 0 is the unique unit volume solution in its conformal class of (1) 
unless N is isometric to S n with the standard metric. In this case, we have an (n+1)-parameter family of solutions that are the images of the standard metric under the conformal diffeomorphisms of S n .
For k = 1, the constant scalar curvature case, the theorem holds just assuming N is Einstein. This is a well-known theorem of Obata (see [14] ). To prove this, we use the conformal frame bundle of Cartan to show that the manifold of 1-jets of sections of a density bundle is naturally isomorphic to a quotient of the total space of the principal bundle by the subgroup SO(n). The connection forms then descend to give nonlinear second-order equations on densities. These densities are just metrics in the conformal class, so we arrive at the above nonlinear curvature equations. Using the connection forms, we then derive an integral formula, which is the main part of the proof, and the theorem follows if k < n.
The negative curvature case can be handled by a maximum principle argument. We will prove the following theorem. 
. , n}, g 0 is the unique unit volume solution in its conformal class of (1).
The only case left is k = n and K > 0. The techniques here do not work in this case, but for a partial differential equation (PDE) proof using the moving planes method (see [18] ).
The paper is organized as follows. We begin with a review of conformal geometry. In Section 3 we discuss the isomorphism between 1-jets and the quotient manifold. In Section 4 we introduce the curvature equations and discuss their variational properties. Section 5 is concerned with examples. We calculate the second variation in Section 6, examine the behavior of the functionals near a critical point, and show that the equations are elliptic at an admissible solution. Section 7 is devoted to proving the uniqueness theorems.
Review of conformal geometry.
In this section we review the relevant notions from conformal geometry (see [5] and [10] ). We use the Einstein summation convention.
Cartan's principal conformal frame bundle.
We begin with some definitions. Let Q denote the matrix
We view SO(n + 1, 1) ⊂ GL(n + 2, R) as the subgroup of matrices A satisfying A t QA = Q and det(A) = 1. We let SO o (n+1, 1) denote the subgroup of SO(n+1, 1) preserving time orientation, that is,
where B is in SO(n), v ∈ R n , and r 2 ∈ R + . We denote by g o the Lie algebra of SO o (n + 1, 1), consisting of matrices of the form
where s ∈ R, y and x are in R n , and z is an n-by-n skew-symmetric matrix.
Cartan [5] shows that given an oriented manifold N with dim(N ) ≥ 3 and an equivalence class [g] of conformal Riemannian metrics on N, there exists a right principal bundle P → N with structure group G. Moreover, there is a g o -valued
with the following properties:
(i) the forms ω i , α i j (i > j), β i , and ρ are linearly independent; (ii) the ω i are semibasic, that is, v ω i = 0 for vertical vectors v;
(v) restricted to a fiber, ψ is the left-invariant Maurer-Cartan form of G. This bundle can be considered a solution to the equivalence problem for conformal structures in the sense that any conformal automorphism of N lifts to a unique automorphism of P , which preserves ψ, and vice versa.
Furthermore, there exist real-valued functions W i jkl (the Weyl curvature) and B ij k (the Cotten tensor) on P with the following symmetries:
We have the structure equations
A necessary and sufficient condition for the conformal structure to be locally conformally flat is the vanishing of the W i jkl and the B ij k . For n > 3, if the W i jkl ≡ 0, then the B ij k are also identically zero. So, in this case the W i jkl are the only obstruction to local conformal flatness. To see this, we differentiate the structure equation (5) 
where δ ij is the Kronecker delta symbol. Tracing (6) on i and m, we find that
Tracing (7) on j and k, we have
Therefore we have the conformal Bianchi identity
We see that if the W i jkl vanish and n > 3, then B ij k ≡ 0. For n = 3, the symmetry relations imply that W i jkl ≡ 0, so in this case the B ij k are the only obstruction to local conformal flatness.
Density bundles and metrics.
There are some natural bundles that we can associate to the principal bundle π : P → N. Let h : G → R be the homomorphism sending g ∈ G to r 2 . We denote by D s/n the line bundle on N associated to P by the homomorphism h s ; that is, D s/n = P × R/ ∼, where ∼ is the equivalence relation (p, t) ∼ (R g p, r −2s t). A section of the bundle D s/n is represented by a function u : P → R satisfying the condition
Differentiating this relation, using the structure equations, and using Cartan's lemma, we see that there exist u i : P → R so that u satisfies the relation
Differentiating again, we see that there exist u ij = u ji such that
Differentiating one last time, we obtain
where the u ij k satisfy u ij k = u jik and u ij k − u ikj = −sB ij k + W l ij k u l . One of the nicest features of the Cartan approach to conformal geometry is that the bundle P → N contains the Riemannian frame bundle of each of the metrics in the conformal class [g], and positive sections of the density bundles are, in effect, metrics in the conformal class.
We now restrict to the case s = −1. Given a density u ∈ (D −1/n ), relations (9) through (11) simplify to become
If u > 0, we define the subset of P ,
We let an overbar denote restriction to P u ⊂ P . From (12), we see that
From the structure equation (3), we have that
This tells us that P u → N is a principal SO(n) bundle. It is easy to verify that the symmetric form on P ,
descends to a metricḡ u ∈ [g], and it follows that P u → N is the orthonormal frame bundle of the metricḡ u , theω i are the canonical 1-forms, and theᾱ i j are the LeviCivita connection forms. Equation (13) becomesβ
Using the structure equations (5), we have
where the R ij kl are the components of the Riemann curvature tensor of the metricḡ u . Substituting (16) into this, we get
Thus the Ricci curvature ofḡ u is
and the scalar curvature ofḡ u is
Solving forū ij , we getū
Given another density v ∈ (D −1/n ), if we restrict the relations
to P u , then we get
We see thatv descends to a function on N , and we have the formulas
where the gradient and Hessian are taken with respect to the metricḡ u . Since g v = v −2 ω, we have, still letting overbars denote restriction to P u ,
We can think ofv −2 as the conformal factor taking us from the metric g u to the metric g v .
3. Contact geometry. There are two contact manifolds that arise naturally in this view of conformal geometry. One is J 1 (N, D −1/n + ), the bundle of 1-jets of positive sections of the density bundle D −1/n , and the other is M = P /SO(n), the quotient of the total space of P by the subgroup SO(n) ⊂ G. In this section, we show that these two manifolds are isomorphic as R + × R n -bundles over N and are, in fact, isomorphic as contact manifolds.
P /SO(n).
We look at the set of left cosets G/ SO(n). Given g ∈ G, the coset gSO(n) looks like
From property (v) of the connection, we see immediately that the fibers of P → P /SO(n) = M are given by {ρ, ω i , β i } = 0. From the structure equation (2), 2ρ is semibasic and 2dρ is semibasic; therefore 2ρ descends to M. Clearly 2ρ ∧(2dρ) n = 0, so we have that M is a contact manifold with 2ρ as a global contact form.
Therefore the action of G on G/ SO(n) = R + × R n , which we denote by
Note that M, as the quotient space of P by the subgroup SO(n), is the R + ×R n -bundle over N associated to P via the representation ρ M ; that is,
), the differential relations that u and u i must satisfy are
We see that, taken together, (u, u i ) is a section of a bundle over N associated to P by a representation ρ J :
Since G is connected, we can read off the representation from (27) and (28); in fact,
where
To see this, given v ∈ g, the Lie algebra of G, we let g(t) be a curve in G, with
where the left-hand side is the Lie derivative with respect to V , the fundamental vertical vector field on P corresponding to v. From this, (27) and (28) follow. We now define
We write the equivalence class of
, λ a local section of P → U ⊂ N , and q ∈ U , the 1-jet of u is given locally as
) is defined as the union over all p ∈ N of equivalence classes of sections of D −1/n that agree to the first order at p. This way,
), the Grassmanian of n-planes of the tangent bundle of D −1/n + (see [7] ). This induces a natural contact structure such that graphs of 1-jets of sections of D −1/n + are Legendre submanifolds. We note that there is a natural isomorphism between these two definitions such that graphs of 1-jets map to graphs of 1-jets. Therefore,
) (using our original definition) has a natural contact structure.
We have
This shows that the representations ρ M and ρ J are isomorphic; therefore F induces an isomorphism between the bundles J 1 (N, D
Throughout the rest of the paper, we use the important fact that if λ is a local section of the bundle
That is, λ is a local lifting of the map F u . To see this, first note that π M sends p ∈ P to the equivalence class [p,
For λ a section of P u , we thus have from (15) that
Proof. We already know that the map is a diffeomorphism. To show it is a contact map, we need to verify that F * I M = I J , where these are the respective contact line subbundles of the cotangent bundles. This is equivalent to showing that F * (I ⊥ J ) = I ⊥ M , where the notation ⊥ means the rank-2n subbundle of the tangent bundle that is annihilated by the contact ideal. From (30), we know that
Since n-planes of this form are dense in I ⊥ J , the theorem follows.
Calculus of variations.
In this section, we discuss how the above curvature equations arise, and we prove Theorem 1.
M.
We first define the n-forms on P
where 
We extend the definition to all strings of indices by skew-symmetry. For example,
and so on. We thus have
the generalized Kronecker delta symbol. We have Ᏹ 0 = ω 1 ∧ · · · ∧ ω n . We also refer to ω 1 ∧ · · · ∧ ω n as ω.
Proposition 6. If N is locally conformally flat, then we have the formulas for
If N is not locally conformally flat, the above equation still holds for 0 ≤ k ≤ 2.
Proof. We first note that the following formulas hold for I = i 1 < · · · < i k :
and in the conformally flat case, since B ij k = 0,
Therefore we have for k = 0, . . . , n,
Substituting (33) and (34) into this equation, we get
By reindexing, we see that the alpha terms cancel, and we are left with (32). Now if B ij k = 0, then for k = 0 the statement is obvious since there are no β i terms. For k = 1, we have
The B ij k terms vanish since ω j ∧ ω k ∧ ω [i] = 0, so the computation is the same as in the conformally flat case. For k = 2, we have (the 2 is in front because we sum on all i and j )
We see that the only term different from the conformally flat computation is
by the conformal Bianchi identity (8) .
From the proposition, Ᏹ k and dᏱ k are both semibasic for P → M; therefore the
Since M is a contact manifold, we can consider the calculus of variations on M. The general reference for this theory and the following computations is [3] . We consider the functional 
So by the proposition, we have in the locally conformally flat case (drop the H * notation)
where h(t, p) is a smooth function on (− , )×N defined by H * (2ρ) = h dt. We can think of h(0, p) : N → R as the "tangent vector" to the variation since it uniquely determines the normal vector field ∂/∂t. For t small, the function h can be chosen arbitrarily (see [3] ), so we have the following theorem (k = n/2). Note that critical points of Ᏺ k restricted to the set of Legendre submanifolds such that n·Ᏺ 0 = 1 correspond to critical points of Ᏺ k −C k Ᏺ 0 for some constant C k , by the theory of Lagrange multipliers. These are then Legendre submanifolds
). Using the isomorphism between the contact manifolds, we can transfer everything above to the jet space. If we take u ∈ (D −1/n + ) and let λ be a local section of P u on an open set U ∈ N , then we have π M • λ = F u . Therefore since Ᏹ k descends to M, it follows from (16) that
Note that F * u Ᏹ 0 is the volume form of the metric g u on N. By Theorem 7, the remark above on Lagrange multipliers, and formula (20), we have proved Theorem 1.
4.3.
The case k = n/2. Notice that in the conformally flat case, for k = n/2, Proposition 6 says that dᏱ k = 0. Therefore N Ᏹ k is a constant, independent of the choice of metric in the conformal class. This is no accident. In this case, it turns out that the integrand is a multiple of the Pfaffian of the curvature matrix, so we get the Euler characteristic by the generalized Chern-Gauss-Bonnet theorem. To see this, we argue as follows. Letting denote the Kulkarni-Nomizu product (see [2] ), we can decompose the full curvature as
We recall the definition of the Chern-Gauss-Bonnet integrand. We let {e 1 , . . . , e n } be a local orthonormal frame and {e * 1 , . . . , e * n } be the dual frame. We view the curvature tensor as a skew-symmetric matrix of 2-forms
Then we define
which is an n-form and is the Chern-Gauss-Bonnet integrand.
We may assume that C is diagonalized, C ij = λ i δ ij , and we have
Therefore, in the locally conformally flat case, we have
Conformal factors.
Fixing a background metric in the conformal class, we want to write out the above functionals and Euler-Lagrange equations with respect to a conformal factor. We let π denote the projection from P to N.
Claim 9. The following formula holds on P :
Proof. In order to prove this, we first need a few lemmas.
Lemma 10. On P , we have
Modulo ω terms, this is just the differential of conjugation in the fiber by the orthogonal part of a group element. This tells us that under the group action, v ij transforms by conjugation of the orthogonal part of a group element, that is,
Taking σ k of both sides, we see that σ k (v ij ) is a zero-density.
Lemma 11. If u is an s/n-density and v is an r/n-density, then uv is an (r +s)/ndensity.
Proof. We have
Proof. The identity dα = 0 pulls up to (df + 2nfρ) ∧ ω = 0, so that df = −2nfρ + f i ω i . Conversely, given a function f satisfying this density equation, there is a unique n-form α on N such that π * α = f ω.
Applying the above lemmas, we see that the expression
is an (n + 0)/n = 1-density. Therefore
with α an n-form on N . To prove the claim, we now need to verify that π * F * u Ᏹ k = π * α. If we pull back both sides of this by the section λ, we get equation (35), so we are done.
Previously, we required λ to be a local section of P u ⊂ P . Using the claim, we can now write down the general formula for F * u Ᏹ k , when λ is any local section. Pulling back (36) by λ, we have
We now fix a u 0 ∈ (D −1/n ) and denote by g 0 the associated metric on N. We can now restate Theorem 1 as an equation on conformal factors. Given g ∈ ᏹ 1 , we write g = v −2 g 0 , where v ∈ C ∞ (N, R + ). Using equations (23) and (24), we get the following theorem (k = n/2).
is locally conformally flat, a metric g w = w −2 g 0 is a critical point of the functional
restricted to ᏹ 1 if and only if
for some constant C k . Here σ k , ∇ 2 w, and ∇w are taken with respect to
is not locally conformally flat, the statement is true for k = 1 and k = 2.
We summarize the results of this section in Table 1 .
Examples.
The scalar curvature case k = 1 is known as the Yamabe problem and has been completely solved. That is, for any compact Riemannian manifold Table 1 M
), there is a constant scalar curvature metric in the conformal class of g (see [11] and [17] ). For an Einstein metric in [g] represented by a density u, we note that
So when viewed as a submanifold of M under the map 
For k = 2, we do not require local conformal flatness; therefore, Einstein metrics are critical points as well as products of Einstein manifolds. A constant curvature manifold (space form) is exactly a locally conformally flat Einstein manifold. Therefore for k > 2, space forms are critical points. The product of space form with sectional curvature 1 and a space form with sectional curvature −1 is locally conformally flat and is a critical point. For any space form X, the product N = S 1 × X is locally conformally flat and is a critical point. An important example is (S n , [g 0 ]), where g 0 is the standard metric. We have the following theorem due to Obata (see [14] ).
Theorem 14. Any constant scalar curvature metric in the conformal class of g 0 is necessarily Einstein and, moreover, is the image of the standard metric under a conformal diffeomorphism of S n .
This theorem tells us that on S n we have an (n+1)-parameter family of unit volume Einstein metrics. Therefore we have an (n + 1)-parameter family of critical points of the functionals Ᏺ k | ᏹ 1 (k = n/2). In stereographic coordinates, fixing the flat metric, equation (38) becomes
If we write g = u −2 g flat , then these critical metrics are given by
for some constants a, b i , and c. The standard metric is represented by 1 + |x| 2 .
We now consider symmetric solutions on S 1 × S n−1 . To do this, we pass to the universal cover N = R ×S n−1 , the cylinder. We let g c denote the product metric. The Ricci tensor of N looks like 0 0 0 (n − 2)I n−1 and R = (n − 1)(n − 2). Therefore,
If we assume that the conformal factor u is independent of S n−1 , then the equation reduces to an ODE, and u = u(t), where t is the coordinate on R. We have
and |∇u| 2 = (u ) 2 . Substituting this into equation (38), the PDE becomes the ODE
Note that u(t) = cosh(t) is a solution for all k. We briefly describe cylindrical coordinates on S n . Let p 1 and p 2 denote the north and south poles on S n , and let f : R n → S n − {p 2 } denote inverse stereographic projection. Cylindrical coordinates are then given by
It is easily verified that 4F * g 0 = (cosh(t)) −2 g c , so cosh(t) represents the spherical metric. We now fix C k corresponding to this solution.
Since O(n−1) is compact, by the principle of symmetric criticality (see [15] ), it follows that the ODE above is still variational for the functional restricted to symmetric functions. We observe that the Lagrangian does not depend explicitly on t; therefore, by Noether's theorem, we have a conserved quantity associated to the time-translation symmetry. For any one-dimensional functional of the form L u, u , u dt, then (see [8] ) we have the first integral
With the Lagrange multiplier, our Lagrangian is (see Table 1 )
We then compute the conservation law, and since we are at a solution, we use (40) to solve for u and substitute this in to get a first-order Hamiltonian involving only u and u . After a tedious computation, we find that the conservation law takes the form
where D k,n is a constant parameterizing the solutions. Instead of computing it this way, we can just show directly that this is indeed a conservation law by substitution. This verification may be found in [18] . If we look in the phase plane (u, u ), the spherical metric is represented by the hyperbola (cosh(t), sinh(t)). Note that there is a constant solution u 0 , corresponding to the cylindrical metric. The orbits in the region to the right of the hyperbola stay inside of this region. In this region, for k < n/2 the u n term dominates, and it is not difficult to see that all of the orbits are closed. These solutions, parameterized by D k,n , orbit around the constant solution. Any one of these periodic solutions descends to give a solution on S 1 (T ) × S n−1 , where T is the radius of S 1 and 2πT is some multiple of the period of the solution. The analysis here is similar to the k = 1 case (Delaunay metrics), so we refer the reader to [17] for details.
The second variation.
In this section we prove Theorem 2. We begin with some important definitions. 
It is proved in [16] that if A ij are the components of A with respect to some basis of V , then 
Furthermore, for symmetric linear transformations
A ∈ +(−) k , B ∈ +(−) k , we have tA+(1−t)B ∈ +(−) k for t ∈ [0, 1]. If A ∈ + k , then T k−1
(A) is positive definite, and if k is odd (even) and
The proof of this proposition is standard and may be found in [4] , [6] , and [19] .
Definition 3. A metric g is positive k-admissible or negative k-admissible if
, respectively. Note that we are using the metric g to view this tensor as an endomorphism of the tangent space at any point, and we take the eigenvalues of this map. Since the Ricci tensor is symmetric, these eigenvalues are real.
When is a solution g of the equation
admissible? Fixing a metric g 0 in the conformal class and writing g = w −2 g 0 , we have
, then looking at a minimum (maximum), we see, at the point, that Ric g −(R g /2(n − 1))g ∈ +(−) k with respect to g, since g and g 0 are conformal metrics. Therefore, since the cones are connected, by continuity we have
everywhere. Returning to the second variation, from the theory of Lagrange multipliers, at a critical point of Ᏺ k restricted to Ꮿ = {N ⊂ M : n · Ᏺ 0 (N ) = 1}, we know the first variation is given by a Lagrange multiplier. Furthermore, we have at the critical point that
That is, we can compute the second variation at a critical point using the Lagrange multiplier (see [1, page 125] ).
We let H : (− , ) × (− , ) × N → M be a two-parameter Legendre variation of the Legendre submanifold H (0, 0) : N → M, satisfying the constraint n·Ᏺ 0 (H (s,t) 
That is, we are at a critical point. Since H is a Legendre variation, we have H * (2ρ) = h 1 ds + h 2 dt where h 1 , h 2 : (− , ) × (− , ) × N → R. We can think of the real-valued functions on N, h 1 (0, 0, p) and h 2 (0, 0, p) as "tangent vectors" to the two-parameter variation, since these uniquely determine the normal vector fields ∂/∂t and ∂/∂s.
In this entire section, we make the following restriction to allowable variations. Since M is a bundle over N, we require that a variation move only in the fiber; that is, it is a variation of sections of the bundle. Note that for such variations, in the following computations all terms of the form ((∂/∂t) ω i ) are zero, since the ω i are semibasic for P → N and therefore vanish on vertical vectors. Also note that in the following computations, the forms in the integrand are defined on P , but they descend to M. To be technically correct, we should be pulling back by a local section of P → M, but we take this as understood.
At a critical point, we have the computation of the second variation (we omit the H * notation and abbreviate N = N (0,0) )
We let H t = H (0,t) : (− , ) × N → M, and we have that
for some functions P i and s ij . Note that for fixed t, since we are on Legendre submanifolds, d(2ρ) = −β i ∧ ω i restricts to zero. Therefore by Cartan's lemma, β i = s ij ω j with s ij = s ji .
k = 1. In this case, H is a two-parameter variation of Legendre submanifolds satisfying the constraint n · Ᏺ 0 (H (s,t) ) = 1 and such that H
The first term in the integral is
The ρ term vanishes since we are on a Legendre submanifold. For the second term, we have
We define the functions P ij by
Now we pull back these computations to the jet space. If we take N to be of the form F (j 1 (u) ), then we choose λ to be a section of P u . Since this λ is a lifting of F u , we just need to pull back the above computations under λ. We first identify the P ii . We have
where the s ij terms vanish from symmetry. Therefore from Cartan's lemma we get that dh 2 ≡ P i ω i mod{dt}.
So now when we pull back by the section λ, this tells us that
and by the definition of the P ij , we have
Noting that C 1 = (R/2(n − 1)), we then substitute this and (45) into the second variation to get
Therefore the Jacobi operator of
Applying the Rayleigh-Ritz characterization of the first eigenvalue of the Laplacian, we have
We see immediately that if R ≤ 0, then a critical point is a strict local minimum for
To analyze the case R > 0, we state the following theorem of Obata [13] .
Theorem 16. Let N be a compact Einstein manifold with R > 0. Then
with equality if and only if N is isometric to S n with the standard metric.
Using this theorem, we see that an Einstein metric is a strict local minimum for Ᏺ 1 | ᏹ 1 unless N is isometric to S n with the standard metric.
6.2. k = 2. We restrict H to be a two-parameter variation of Legendre submanifolds satisfying the constraint n·Ᏺ 0 (H (s,t) ) = 1 and such that
The 1/2 is in front because we are summing on all i, j . For the first term in the integral, we have
since we are on a Legendre submanifold. For the second term we have
From now on, since the ρ terms vanish, we leave them out. The middle term of this is
(47) by the conformal Bianchi identity (8) . The last term in (46) is
(48)
The last term here cancels out with the term in (47), so we have
Pulling back to the jet space, we haveβ j = −ū jmω m , and using Definition 2, we get
Note that this is just the expression in a local orthonormal basis of a globally defined operator. Using Proposition 15, we see that if we are at a two-admissible critical metric, then the Jacobi operator is elliptic. The Jacobi operator is just the linearization of the Euler-Lagrange equations at a solution, so it follows that the Euler-Lagrange equations are elliptic at a two-admissible solution.
It is easy to see from the derivation that the Jacobi operator must be of divergence form, that is, T ij 1 (ū * * ) ,j = 0, so we see immediately from the second variation that a negative two-admissible solution is a strict local maximum for Ᏺ 2 | ᏹ 1 . For the positive curvature case, assume we are at an Einstein metric. Then we have that
The second variation becomes
Up to the factor (R/2n), we see that the linearization is exactly the same as that for the k = 1 case. Using Obata's theorem, as in the section above, we conclude that a positive scalar curvature Einstein metric is a strict local minimum for Ᏺ 2 | ᏹ 1 , unless N is isometric to S n with the standard metric.
6.3. k > 2. In this case, we require N to be locally conformally flat. A computation similar to that of the k = 2 case shows that at a critical point we have
Pulling back under λ a section of P u , we get
We note that this is just the expression in a local orthonormal basis of a globally defined operator. From Proposition 15, we see that the equations are elliptic at a kadmissible solution. Again we see from the derivation that the Jacobi operator must be of divergence form, that is, T ij k−1 (ū * * ) ,j = 0, so we see immediately from the second variation that for k odd, a negative k-admissible critical point is a strict local minimum for Ᏺ k | ᏹ 1 . For k even, a negative k-admissible critical point is a strict local maximum, just as in the k = 1 and k = 2 cases. At a positive scalar curvature Einstein metric (which is a constant curvature metric since we are assuming N is locally conformally flat), we have β i = −(C 1 /n)ω i . Therefore we have
Up to a positive factor, we see the linearization is exactly the same as for the case k = 1. Therefore we conclude that a positive constant sectional curvature metric is a strict local minimum for Ᏺ k | ᏹ 1 , unless N is isometric to S n with the standard metric.
7.
Uniqueness. In this section we prove Theorems 3 and 4.
Einstein metrics. Given a density v ∈ (D −1/n +
), we recall the formula (14):
We let
• v ij denote the traceless v ij , that is,
We then have the following proposition.
Proof. Since the statement is modulo the ω i , we ignore these terms in the following computations. We trace formula (49) to get
since the v il are symmetric and the α l i are skew. We thus have
This proposition tells us that
• v ij scales and conjugates when we move in the fiber; that is, it is a section of a vector bundle. If we restrict to
So we have the fact that 7.2. k = 1. We state the following result of Obata (see [14] by a constant) unless (N, g) is isometric to (S n , g 0 ) .
If there are two distinct unit volume Einstein metrics in the conformal class, then Obata constructs an isometry to (S n , g 0 ) to prove the second statement. We reprove the first statement to illustrate our methods. We assume N is oriented, noting that the nonorientable case follows by passing to the orientable double cover. We have the following proposition.
Putting together all of the alpha terms, we get (omitting the wedges) on F (j 1 (u) ), where σ 1 is a constant. We now let σ k denote the function defined by Ᏹ k = σ k ω when restricted to F (j 1 (u) ), that is, σ k = σ k (ū ij ). We pull back the formula in the proposition to N and integrate to get
We have a formula for v ll restricted to the set P u (see (24) Proof. If we let λ i denote the eigenvalues of A, the lemma is a consequence of the factorization
Using the lemma and the fact thatv is positive, we see that the integrand in (52) is nonpositive. Since the integral is equal to zero, we conclude that the integrand is identically zero, and therefore, by the lemma, the metric g u is Einstein. Therefore
Since C 1 (g 0 ) = (R 0 /2(n − 1)) < 0, this implies that C 1 < 0, and we have
Since we are considering metrics of unit volume, we must have
with equality if and only if w ≡ 1. The following proposition, which follows easily from Hölder's inequality, implies that C 1 = C 1 (g 0 ). Therefore
Since C 2 (g 0 ) = (R 2 0 /8n(n − 1)) > 0, this implies that C 2 > 0, and we have
Again, since we are considering unit volume metrics, we must have
with equality if and only if w ≡ 1. From Lemma 21, we have
Since g is negative two-admissible (Definition 3), we have that σ 1 is negative by Proposition 15. Therefore σ 1 ≤ C 1 (g 0 ).
Proposition 25 then tells us that C 2 = C 2 (g 0 ).
7.4.3. k > 2. These cases proceed exactly as in the k = 1 and k = 2 cases. Using the maximum principle, we can prove for odd k that C k ≤ C k (g 0 ) and for even k that C k ≥ C k (g 0 ). Lemma 23 implies the following. 
